We propose a method for ultra-sensitive displacement and phase metrology based on the interferometric evanescent wave excitation of nano-antennas. We show that with a proper choice of nano-antenna, tiny displacements or relative phase variations can be converted into sensitive scattering direction changes in the Fourier k-space. These changes stem from the strong position dependence of the imaginary Poynting vector orientation within interfering evanescent waves. Using strongly-evanescent standing waves, high sensitivity is achieved in the nano-antenna's zero scattering direction, which varies linearly with displacement over a long range. With weakly-evanescent wave interference, even higher sensitivity to tiny displacement or phase changes can be reached around chosen location. The high sensitivity of the proposed method can form the basis for many applications.
Sensitive optical metrology of tiny displacements has been an enabling technology for modern science and engineering. Interferometric methods [1] are widely deployed by measuring the relative phase differences introduced by tiny physical displacements. The giant Michelson interferometer of LIGO that enables the detection of gravitational waves demonstrates the power of this technique [2] . Another technique to measure displacements is based on measuring beam deflections by means of differential detection schemes which offers similar fundamental detection limits [3, 4] . These techniques form invaluable tools for applications that require sub-nm positioning precisions, like single molecules tracking [5] [6] [7] , force sensing [8] [9] [10] [11] , stage stabilisation for localization nanoscopy [12] as well as overlay metrology for semiconductor industry [13] .
Apart from the evolving instrumentation, further advances in the field have been made by the introduction of new concepts to improve the signal to noise ratio such as squeezed light [14, 15] and weak value amplification [16, 17] . With the development of beam shaping and nanofabrication, a new position sensing concept that involves the interaction of structured light and structured matter such as optical nano-antennas has also been demonstrated in recent years [18] [19] [20] [21] . Nanoantennas that support both electric and magnetic modes, like high index dielectric nanoparticles, are of special interest recently [22] as their scattering can be shaped by the full electromagnetic nature of the excitation field [23] [24] [25] [26] . Even in the simplest case of a dipolar nanoparticle, the induced electric and magnetic dipoles can interfere and result in uni-directional scattering, for instance when Kerker's condition is fulfilled [27] . Furthermore, the excitation field can be designed in such a way that this unidirectional scattering condition occurs only at certain locations in the excitation field landscape [18] [19] [20] [21] . Moving the particle slightly away from these locations will diminish the scattering directionality and the relative displacement can thus be measured with a differential technique. In Ref. [19] , the singular points/lines of doughnut or Hermite Gaussian beams are deployed around which the displacement is determined. The complex topology of tightly focused vector beams enables Kerker's condition to be met in the transverse focal plane. With a differential detection of the pure scattering pattern at the back focal plane (i.e. the k-space), relative displacement down toÅngström level has been demonstrated [21] . Standing waves formed by counter-propagating beams in free space have been proposed as excitation fields for a metallic nanowire [20] . This method predicts theoretically ultra high relative displacement sensitivity around the nodal point where the electric field is zero but magnetic field is at its maximum. Being of extremely weak magnetic dipole polarizability, the metallic nanowire serves an ideal nano-antenna option to fulfill Kerker's condition in the close vicinity of the nodal point. As the nanowire moves across the point, its uni-directional scattering switches the direction and the closer the condition is reached to the nodal point the higher the sensitivity is. However, this advantage is at the same time its disadvantage: due to working at the node, there is an extremely weak total scattering power which is difficult to detect. In addition, both free space focused beams and standing wave excitations suffer from the fact that the unwanted incident light enters the detection k-space. In order to detect the pure directional scattering of the nanoparticle, the k-space influenced by both the incident and scattering light is often cropped [18, 21] , with a loss of useful information. Finally, these methods have a limited spatial range because high displacement sensitivity exists only near the region of maximum directionality locations. In this Letter, we propose a technique which overcomes all of these drawbacks. We exploit the unique topology of the imaginary Poynting vector of interfering evanescent waves. By using the interfering evanescent waves as excitation fields for dipolar nano-antennas, the transverse displacement or relative phase difference is translated into angular changes in the scattering momentum space with the whole k-space being accessible. We further show arXiv:1806.04476v1 [physics.optics] 12 Jun 2018 that this approach can not only achieve extremely high nonlinear displacement/phase sensitivity within a small range, but also allows achieving relatively high and linear displacement sensitivity over a large dynamic range.
Different from free propagating waves, evanescent waves exhibit unique properties such as transverse spin angular momentum and intrinsic transverse spinmomentum locking [28] . A nanoparticle placed inside it acts as an antenna that converts local electromagnetic fields into far-field scattering. The special properties of evanescent waves used as excitation fields enable effective directional control of the nano-antenna's scattering [29] with applications ranging from tunable displays [30] to the generation of interesting optical forces [31, 32] . Interferometric evanescent waves have been used as structured illumination in Total Internal Reflection Fluorescence (TIRF) microscopy which doubles the imaging resolution and improves the contrast by minimizing the amount of incident light going into the detector [33] . Its electromagnetic properties are yet to be fully exploited, and combined with designed nano-antennas unleashes its full potential in measuring deeply sub-wavelength displacements and tiny phase changes.
FIG. 1. (a).
A dipolar nanoparticle is excited by two counterpropagating TM polarized evanescent waves. The scattering of the particle is measured at the back focal plane of a lens, i.e. in the k-space. (b, c) The imaginary Poynting vector (color represents magnitude and white arrows its orientation) of the standing wave due to the interference of two evanescent waves with opposite transverse wavevectors (b) ±k = ±2k0, (c) ±k = ±1.01k0, where the phase difference between the two waves is set to ∆φ = 0.
Interfering evanescent standing waves can be set up at an interface, by illuminating with two transverse magnetic (TM or p) polarized incident plane waves E + p and E − p from a higher refractive index substrate above the critical angle, as illustrated in Fig. 1(a) . Consider two incident plane waves with opposite transverse wavevectors ±k having exactly the same amplitude but a phase difference ∆φ. Assuming ε 1 = 1 and ε 2 > ε 1 , the fields of the interfering evanescent wave can be written as:
where k 0 = 2π/λ is the wavevector of incoming light, Z 0 is the impedance in vacuum and γ z = k 2 − k 2 0 is the imaginary part of the z component of the wave-vector. In this Letter, a time dependence of e −iωt is assumed. A single TM polarized evanescent wave has a real time-averaged Poynting vector component S y along the propagation direction and an imaginary Poynting vector component S z ≥ 0 along the direction of evanescent decay [29] , while both components are invariant in the y direction. In contrast, the standing wave interference of two TM polarized evanescent waves shown in Eq. 1 results in a purely imaginary time-averaged Poynting vector S = 1 2 (E × H * ):
It can be seen that, just as single TM-polarized evanescent fields, the imaginary Poynting vector component of the interference field along the direction of decay is nonnegative S z ≥ 0. However, its orientation strongly depends on transverse location y. At any height z, the direction of the imaginary Poynting vector {S} can be determined by:
where θ s is the angle between +ŷ and the imaginary Poynting vector S. Fig. 1(b) and (c) show two distinctively different scenarios of Poynting vector's dependencies on the transverse position y inside the standing waves built by the interference of evanescent waves with opposite transverse wavevectors ±k . Fig. 1(b) represents the case that k /k 0 = 2 is relative large while Fig.  1(c) represents the case with k /k 0 = 1.01 slightly above 1, corresponding to illumination just above the critical angle. The orientation of {S} strongly depends on the y-location. A nano-antenna can be used as a local probe of this fast changing Poynting vector to detect the displacement or phase changes by measuring its scattering. The sensitivity of this technique will depend on how fast θ s changes with respect to location y. As can be derived from Eq. 3, in the limiting case of illuminating angles well above the critical angle we have k /k 0 1 and
the angle θ s is changing linearly with the transverse position y across the entire period of the standing wave in Fig. 1(b) . In the limiting case that k /k 0 is slightly above one (and therefore γ z /k 0 slightly above zero), the angle of imaginary Poynting vector θ s varies in a highly nonlinear manner along y and its rate of change is strongly dependent on the transverse location in Fig. 1(c) . For the fields at a position near k y/2π = 1/4, one can derive from Eq. 3 that
which means the imaginary Poynting vector is changing orientation very slowly around such location. However, for the fields at a position very near y = 0, one has:
where the imaginary Poynting vector is changing at an extremely high rate around y = 0 as γ z → 0.
As our probe, we consider here a nanoparticle with both electric and magnetic dipole polarizabilities α e = , where ε 0 is the vacuum permittivity, a 1 and b 1 are the Mie coefficients of the electric and magnetic dipole modes. Such nanoparticles can be high index dielectric, core-shell or even metallic nanoparticles as long as their dipole modes dominate in the spectral region of interest [20, [23] [24] [25] [26] . For simplicity in explaining the concept of displacement metrology with interferometric evanescent waves, we further neglect the substrate's effect on the particle's scattering. Under such assumptions, the scattering of the nanoparticle is equivalent to the radiation of a source with respectively induced electric and magnetic dipole moments p = α e E and m = α m H, where E and H are the incident interferometric evanescent fields in Eq. 1 at the center of the nanoparticle. The interference of the radiation fields of the induced electric and magnetic dipoles could result in directional scattering of the nanoparticle under certain conditions. The preferred scattering direction can be shown [34] to be always along the direction of {p×m * } = {α e α * m } {E×H * }− {α e α * m } {E×H * }. For free-space propagating waves, it is purely determined by the particle's dipole polarizabilities {α e α * m } and the real Poynting vector. For instance, when a 1 = b 1 so that the Kerker's condition is fulfilled and {α e α * m } > 0, the particle has zero scattering in the opposite direction of light propagation, i.e. zero backscattering [27, 35] . However, when illuminated by the interfering fields in Eq. 1, the preferred scattering direction along − {α e α * m } {E× H * } is purely determined by the particle's dipole polarizabilities {α e α * m } and the imaginary Poynting vector. We shall show in the remaining part of this letter that with a proper choice of nano-antennas, the highly y-dependent imaginary Poynting vector in Eq. 4 and Eq. 6 can be converted into scattering direction changes in the Fourier k-space, which in return serves as a sensitive means to detect lateral displacements or phases.
We will first consider a dipolar nanoparticle placed in the interference field shown in Fig. 1(b) of two TMpolarized evanescent waves with relatively large transverse wavevectors ±k = ±2k 0 and a phase difference ∆φ = 0. Consider a particle whose Mie coefficients fulfill a 1 = (−ik 0 /γ z )b 1 , realistic implementations of which were proposed in Ref. [29] . It can be shown from Eq. 1 that Kerker's condition is satisfied, independent of the position, such that the transverse components of the induced electric and magnetic dipoles always fulfill the relation p y = −m x /c, with c being the speed of light. As a result, the scattering of the nanoparticle along the −ẑ direction is fixed to be zero no matter where it is located in the standing wave. More generally, the scattering cross section along any directionk can be found proportional to |p * ·Ẽ k + m * · µ 0Hk | 2 , following Fermi's golden rule which determines the coupling strength of the induced dipoles to the plane wave field vectors [Ẽ k ,H k ] along wavevector k [36] .
In the k x = 0 plane, due to the TM nature of the excitation field, the induced dipoles can only couple to the TM-polarized field vectors along k = (0, k y , k z ) = (0, k 0 cos θ, k 0 sin θ) where θ is the angle from +ŷ to k as defined in Fig. 2 ,Ẽ TM,k = (0, − sin θ, cos θ) and H TM,k = (1/Z 0 , 0, 0). By solving p * ·Ẽ TM,k + m * · µ 0HTM,k = 0, we can explicitly find two directions of zero scattering: one is fixed at −ẑ which is independent of y and the other directly related to the direction of the imaginary Poynting vector:
which, just as the imaginary Poynting vector, is highly dependent on the transverse location y. It is easy to observe from Eq. 7 that this zero scattering direction doubles the sensitivity of the imaginary Poynting vector to displacement changes ( dθ dy = 2 dθs dy ). This can also be understood by the fact that these two zero scattering directions are symmetric to the axis of the imaginary Poynting vector, so by locking one direction to −ẑ, the other one rotates at twice the rotation angle of the sym-metry axis, i.e. the imaginary Poynting vector.
FIG. 2. (a)
. θs is the angle from +ŷ to the imaginary Poynting vector of the interferometric evanescent fields with ±k = ±2k0 shown in Fig. 1(b) , while θ is the angle from +ŷ to the wavevector direction along which the scattering is zero; The scattering patterns of a dipolar particle are shown(the electric and magnetic dipole coefficients fulfill a1 = −i √ 3 b1) placed at various locations: (b). y = 0, (c). y = λ/4 − λ/40, (d). y = λ/4; (e). y = λ/4 + λ/40. The green solid arrows represent the imaginary Poynting vectors, the blue solid arrow represents the fixed zero scattering direction −ẑ, the blue dashed arrows represent the other zero scattering direction, while the insets in (b)-(e) show the scattering pattern (logarithm log 10 scale, dark red for maximum while deep blue represents zero scattering) in the k−space of the Fourier lens above the nanoparticle. Fig. 2 demonstrates how this concept applies to displacement metrology with Fig. 2(a) showing the ydependence of the imaginary Poynting vector angle θ s and the zero scattering direction angle θ, while Fig. 2(b) -(e) show the scattering patterns of the nano-antenna at various transverse locations of the interference field. At location y = 0, the scattering pattern in Fig. 2(b) shows the only zero scattering direction along −ẑ where one sees the maximum scattering direction along the direction of the imaginary Poynting vector at the k−space of a lens above the nanoparticle. More interestingly, in the region π/4 < k y < 3π/4, one observes the zero scattering direction rapidly moving with y in the upper half space through the Fourier space of the lens. The scattering appears as the one of a vertical electric dipole at the location y = λ/4, with zero scattering along +ẑ. With displacements of ∆y = ±λ/40 around y = λ/4, as shown respectively in Fig. 2(c) and (e), changes of zero scattering angle ∆θ = ∓31.43
• are introduced in the Fourier k-space. This corresponds to a sensitivity ∆θ/∆y about −1257.2
• /λ, which means a change of 1
• in the zero scattering direction can resolve a displacement of λ/1257.2. Using even larger k /k 0 , the sensitivity can reach up to
• /λ. Additionally, both θ s and θ exhibit nearly linear relations with y in Fig. 2(a) as expected from Eq. 4. This linear relation with y would enable the detection of deeply sub-wavelength displacements as well as its displacement direction over long ranges. As a second example, we investigate the use of weakly evanescent standing waves as shown in Fig. 1(c) for ultrasensitive phase measurements. At a fixed location, the imaginary Poynting vector direction of an evanescent interference field with k = 1.01k 0 responds even more sensitively to phase changes. This time we will discuss sensitivity to phase changes in the incident plane waves. The principle is identical, because a relative phase difference of ∆φ between the two interfering beams is equivalent to a displacement y = ∆φ/2k . One can derive from Eq. 6 that, for small phase changes, a sensitivity of
can be reached. For a dipolar nanoparticle placed at the fixed location y = 0 of the interference field with k /k 0 = 1.01, a 24.25
• rotation of the maximum scattering direction in the upper k-space is introduced by a relative phase change of π/50 rad which is equivalent to a displacement of only λ/101 as shown in Fig. 3(b,c) . With smaller γ z /k 0 , even higher sensitivity can be expected. One might think that this comes at a price: if Kerker's condition were to be met with such excitation field at y = 0 following Eq. 1, the nanoparticle would need to have polarizabilities that fulfill b 1 = i γz k0 a 1 , resulting on a weak total scattering cross section proportional to (γ z /k 0 )
2 . However, since in this case only the preferred scattering direction, aligned to the imaginary Poynting vector, is relevant for the detection in k-space, the Kerker's condition is not strictly required. As is shown in Fig. 3(b) and (c), by using particles with larger |b 1 /a 1 |, the scattering power can be greatly improved without diminishing the sensitivity.
The proposed method exploits the full electromagnetic nature of the structured illumination formed by interferometric evanescent waves. By using a dipolar nanoantenna with both electric and magnetic responses, the fast-changing imaginary Poynting vector due to tiny displacement and phase variations is converted into sensitive scattering changes in k-space. We show that using the excitation field formed by strongly-evanescent standing waves, high sensitivity of the zero scattering direction with displacement can be observed over a long range. With weakly-evanescent wave interference, even higher sensitivity can be reached with tiny relative phase changes. The high sensitivity to displacement and phase changes, as demonstrated by this work, can form the basis for many applications including sensing, single molecule tracking, quantum metrology, wafer overlay and nano-optomechanical systems among many others.
